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Horocycle flow on negative variable curvature surface is
standard
Adam Kanigowski Kurt Vinhage∗ Daren Wei†
Abstract
We provide a new proof that the horocycle flow preserving the Margulis measure
on a variable negative curvature surface is standard1. This was first proved by Ratner
in [8]. The main purpose of this note is to provide a simplified case of the arguments
in [4], which have similar but more complicated structures in the case of homogeneous
flows on Lie groups, as well as illustrate the versatility of the method by applying it
to a non-homogeneous flow.
1 Introduction
Let M be a C3 compact orientable surface of negative curvature and denote U(M) as its
unit tangent bundle. U(M) carries a the natural geodesic flow , gs. It is well known that g
is a C2 anosov flow. As a result, we know for geodesic flow on U(M), there exist invariant,
orientable 1-dimensional foliations H and K of expanding curves and contracting curves,
respectively. Since these foliations are 1-dimensional, it is natural to try to construct flows
for which the leaves of H are orbits. There are many ways to do this, but two of them
are the most natural: one may define hs(x) to be the point y at distance s from x along
the leaf H (x) (there are two such points, but the orientation on H (x) fixes the choice).
Another is to do a similar process but with respect to a canonical measure on the leaf
H (x), the disintegration of the Margulis measure.
We consider the second case in this paper, for a precise construction of the flow and
its properties, see Section 3. Ergodic properties of such flows were studied by Marcus,
Feldman and Ornstein, and Ratner, among others (see [6, 2, 8]). Marcus showed in [6] that
such flows are uniquely ergodic. In [8], Ratner showed that these flows (in fact any such
flow parameterizing the leaves of H (x)) were standard, also called zero entropy loosely
Bernoulli. We provide a new proof of this result using different methods:
Theorem 1.1. The horocycle flow ht preserving the Margulis measure is standard for any
variable negative curvature surface.
The methods used here resemble those of a paper by the same authors [4], and this
note may serve as a good starting point before the more technical and involved arguments
found there.
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22 Preliminaries on Standard Systems
Standardness (zero entropy loosely Bernoulli or loosely Kronecker) is a concept introduced
by A. Katok [5] and J. Feldman [1]. Standardness can be thought of as a measure of how
closely a system resembles to a rigid action, as any standard system can be represented as
a special flow over irrational rotation.
The notion of a standard system has many different equivalent definitions., as was
shown in [5, 1, 9]. For our purposes, the most convenient is that of [9], we summarize the
notions and definition here.
The basic setting is following: suppose ht is an ergodic flow on a Lebesgue space
(X,B, µ) and P is a finite measurable partition of X. For x ∈ X, denote P(x) as the
atom of P which contains x and define IR(x) = {Tsx : s ∈ [0, R]} for R > 0. Let l as the
Lebesgue measure on [0, R].
Definition 2.1 ((ε,P)−matchable, [9]). For x, y ∈ X, ε > 0 and R > 1, IR(x) and IR(y)
are called (ε,P)−matchable if there exists a subset A = A(x, y) ⊂ [0, R], l(A) > (1− ε)R
and an increasing absolutely continuous map ψ = ψ(x, y) from A onto A′ = A′(x, y) ⊂
[0, R], l(A′) > (1 − ε)R such that P(Ttx) = P(Th(t)y) for all t ∈ A and derivative
ψ′ = ψ′(x, y) satisfies
|ψ′(t)− 1| < ε for all t ∈ A.
we call ψ an (ε,P)−matching from IR(x) onto IR(y).
Let
fR(x, y,P) = inf{ε > 0 : IR(x) and IR(y) are (ε,P)−matchable}.
While fR is not a metric, it has enough similar properties to justify constructing fR-
balls.. Let BR(x, ε,P) = {y ∈ X : fR(x, y,P) < ε} be the (R,P)−ball of radius ε > 0
centered at x ∈ X, R > 1. BR(x, ε,P) should be thought of as analogous to a Hamming
ball in entropy theory, with the exception that we allow for a small time change given by
ψ.
Theorem 2.2 ([9],[10]). A zero-entropy ergodic measure preserving flow ht is standard
if and only if for every ε > 0 and a generating family of partitions Pi, there exists
N(ε,Pi) > 0 such that for every R > 0, there exist x1, . . . , xn with n ≤ N(ε,Pi) such
that:
µ
(
n⋃
k=1
BR(x, ε,Pi)
)
> 1− ε
Therefore, the standardness of the system can be detected by computing the decay
rate (or lack thereof) of BR(x, ε,P) in R. In fact, because if fR(x, y,P), fR(y, z,P) < ε,
fR(x, z,P) < 5ε, we know that a minimal cover of a set of size 1 − ε by ε-(R,P) balls
will have their ε/5-(R,P) balls disjoint. In particular, if µ(BR(x, ε,P)) is bounded below
independently of x and R, we may conclude that ht is standard.
33 Preliminaries on W u flows
Let S be a compact, negatively curved, oriented surface, and gs be the corresponding
goedesic flow on its unit tangent bundle, M . There exists a 1-dimensional unstable folia-
tion, with smooth leaves W u(x) for any x ∈M . Since S is oriented, the leaves W u(x) can
be given an orientation. We wish to define a continuous flow ht whose orbits are exactly
W u(x), but such a flow will depend on the way we parameterize each leaf.
We will introduce a very special parameterization by first constructing the desired
invariant measure:
3.1 Margulis measure
The Margulis measure for a transitive Anosov flow was introduced by G. A. Margulis in [7].
For any p ∈M , let W ∗(p) be the leaf of the stable or unstable foliation through p for ∗ =
s, u, respectively, and W 0∗(p) be the leaf of the center-stable or center-unstable foliation
foliation through p for ∗ = s, u, respectively. Recall that W 0s is the joint integration of
the orbits of gt and the W s foliation, and similarly for W 0u. Define OC(W 0u(p)) as the
collection of open sets in W 0u(p) with compact closure and
OC(W 0u) =
⋃
p∈M
OC(W 0u(p)).
Let O be a subset of M contained in a sufficiently small neighborhood of a point p.
Then set fO(x) = µ
s(({x} × U s(p)) ∩ O) where x ∈ U0u(p) and U(p) is a neighborhood
of p with local product form U(p) = U0u(p) × U s(p) such that U0u(p) ⊂ W 0u(p) and
U s(p) ⊂W s(p). Then the Margulis measure will be a finite gt−invariant measure with the
following form:
Proposition 3.1 (Margulis Measure, [7]). There exists a unique family of measures µ0u
defined on the leaves W 0u(x), x ∈M , a unique family of measures µs defined on the leaves
W s(x), x ∈M , and a unique gt-invariant measure µ on M such that:
(a) µ0u has the uniformly expansion property:
µ0u(gt(U)) = eh
utµ0u(U) (1)
where U ⊂ OC(W 0u), hu > 0 and t ∈ R.
(b) µs has the uniformly contraction property:
µs(gt(U ′)) = eh
stµs(U ′) (2)
where U ′ ⊂ OC(W s), hs < 0 and t ∈ R.
(c) Letting µq(A) = µ
0u(A× {q}) for q ∈ U s(p), A ⊂ U0u(p), we have
µ(O) =
∫
fO(x)dµq(x). (3)
Furthermore, µ is the unique measure of maximal entropy for gt.
4Remark 3.2. Because µ is the unique measure of maximal entropy for gt, it is also the
unique measure of maximal entropy for g−t, another Anosov flow. Therefore, µ disinte-
grates in the analogous way for µ0s and µu.
We now fix the flow ht whose orbits are the leaves W
u(x): if x ∈ M , let ht(x) be the
point y such that the interval connecting x and y has µu-measure exactly t. Of course,
there are two such points, but the leaves W u(x) are oriented, so if t > 0, we choose y in
the positive direction, and if t < 0, we choose y in the negative direction.
Note that in most cases, this action is only Hölder, and is not even generated by a
vector field. The ergodic properties of these flows were first studied by B. Marcus in [6],
and later by Feldman and Ornstein in [2]. We remark that making this choice for ht yields
that
gsht = hestgs
by Proposition 3.1(b) and Remark 3.2. Notice also that by a completely symmetric
argument, an analogous flow kt may be built whose orbits are the leaves of W
s, and
gskt = he−stgs.
Finally, because of the product structure provided by Proposition 3.1(c), the map:
f : (r, s, t) 7→ grhskt(x)
is a homeomorphism onto a neighborhood of x, and f∗(dr × ds× dt) = µ.
3.2 Estimates relating the flows ht, kt and gt
In this section, we recall some lemmas from [2] which will be helpful for the proof of the
main theorem. We remark that for clarity, we h use ht and kt to denote the flows coming
from the Margulis parameterization as described in the previous subsection, while the
notation of [2] uses h¯t and k¯t to denote these flows.
Since Anosov flows have a local product structure for their weak-stable and unstable
manifolds, if y ∈W u(x) and z ∈W 0s(x) are sufficiently close to x, there is a unique point in
W 0sloc(y)∩W
u
loc(z). Hence, there are unique continuous functions ρ(x, s, t), σ(x, s, t), τ(x, s, t)
such that
gρkτhsx = hσktx, (4)
σ and τ has the same sign as s, t, respectively, and ρ(x, 0, t) = ρ(x, s, 0) = 0. Further-
more, ρ(x, s, t) enjoys the equivariance property:
ρ(x, e−us, eut) = ρ(gux, s, t) (5)
In particular, we may define ρ not only for sufficiently small s, t, but for all s, t such
that |st| is sufficiently small. Similarly, we get definitions on such s, t for σ, τ . We have the
following results of [2], the first of which appeared as Lemmas 3.4 and 2.8, respectively:
Lemma 3.3. The function σ is differentiable in the second argument, and for sufficiently
small st,
∂σ
∂s
(x, s, t) = eρ(x,s,t).
5Lemma 3.4. Given ε > 0, αmay be chosen so small that if y = guhvkwx with |u|, |v|, |w| <
α and |s| < α
2
2|w| , then d(hsx, heuσ(x,s,w)y) < ε.
3.3 u-partitions
Recall that when we consider the standardness, it is very crucial to consider the a suit-
able generating partition. In this paper, we will use the idea of u−partition which was
introduced in [8].
Definition 3.5 (u−isomorphic and s−isomorphic [8]). Two sets A,B ⊂ W 0s are called
u−isomorphic if there is continuous ψ : A× I →M s.t.
• ψ(x, I) ⊂W u, x ∈ A;
• ψ(x, 0) = x, ψ(x, 1) ∈ B and the map ψ˜ : A → B, ψ˜(x) = ψ(x, 1) is a homeomor-
phism.
The set ψ(A × I) = P is called a u−cylinder with faces A,B. If the positive direction
on orbits of ht goes from A to B we write A = A1(P ), B = A2(P ). ψ(x, I) and ψ(y, I),
x, y ∈ A are called s−isomorphic.
Definition 3.6 (u−partition [8]). Let α = {P1, . . . , Pm} be a partition ofM into u−cylinders
and we will say α is a u−partition.
Recall that Margulis measure has local product structure, thus the boundary of this
partition has measure zero. Another important feature of this partition is that we can
formulate a family of generating partitions based on this partition. In fact, by shrinking
the size of A,B and distance of A,B, it is clear that we can construct a family of generating
partitions:
Lemma 3.7 (Ratner, [8]). For every δ > 0, there exists a u-partition of M such that
diam(Pi) < δ
4 Proof of Theorem 1.1
In this section, we will prove the Theorem 1.1. Before we give a proof of this theorem, we
will introduce some definitions and tools which will help us formulate the proof.
From now, we will prove the Theorem 1.1 for a fixed u−partition. And then the same
proof can be applied to any other partitions and thus we done.
Fix a u−partition αm, let V
m
ε2
be the ε2 neighborhood of the boundary of αm. Since
Margulis measure µ has a local product measure on W 0s and W u, it follows that µ(V m
ε2
) =
O(m2ε2). By ergodic theorem on ht and χVm
ε2
, we obtain a set Dε such that µ(Dε) > 1−ε
2
and a number Nε > 0 such that for every R > Nε and every y ∈ Dε, we have
|{t ∈ [0, R] : ht(y) ∈ V
m
ε2 }| 6
εR
2
. (6)
If we can prove the upper bound of the number of Kakutani matching balls is bounded,
then we finish our proof. Indeed, the upper bound of number of Kakutani balls will follow
from the following three claims:
6Definition 4.1 (Pre-Matching Balls). If x, y ∈ M we say that x ∈ PM(R, ε, y) if and
only if x = guhvkwy and |w| < ε/R, |u| < ε and |v| < ε.
Notice that since the coordinates (u, v, w) 7→ guhvkwy take Lebesgue measure to the
Margulis measure, µ(PM(R, ε, y)) = ε3/R (recall the end of Section 3.1).
Claim 4.2. For every y ∈ Dε, every R > Nε and every x ∈M of there exists p ∈ [0, ε
3R]
such that if for |u|, |v| < ε5 and |w| < ε
5
R
:
hpx ∈ PM(R, ε
5, y)
Then x ∈ BR(y, ε, αm).
Claim 4.3. For every y ∈ Dε and every p, q ∈ [0, ε
3R], with |p − q| > 1, we have
h−p(PM(R, ε
5, y)) ∩ h−q(PM(R, ε
5, y)) = ∅.
Let us prove Theorem 1.1 before showing each claim:
Proof of Theorem 1.1. Suppose y ∈ Dε. Then by claim 4.2, we have⋃
p∈[0,ε3R]
h−p(PM(R, ε
5, y)) ⊂ BR(y, ε, αm).
By claim 4.3 and the formula for µ(PM(R, ε5, y)), we have
µ(BR(y, ε, αm)) > µ(
⋃
p∈[0,ε3R]
h−p(PM(R, ε
5, y))) > ε3Rµ(PM(R, ε5, y)) > ε18.
By the remarks following the statement of Theorem 2.2, we conclude ht is standard.
Proof of Claim 4.2. Take y ∈ Dε and let p ∈ [0, ε
3R] be such that hpx ∈ PM(R, ε
5, y).
By Definition 4.1, we have for some |u|, |v| < ε5, |w| < ε
5
R
such that
x = h−pguhvkwy. (7)
Let ψ(t) = euσ(x, t, w) as Lemma 3.4, l(t) = ψ(t) + p, A(x, y) = {t ∈ [0, R] : ht(y) /∈
V m
ε2
}. Moreover, by Lemma 3.3 and (5):
l′(t) = eu
∂σ
∂t
(x, t, w) = eu+ρ(x,t,w) = exp(u+ ρ(g− log tx, ε, wt/ε)).
Notice that u is small and |w| < ε5/R < ε5/t, so |wt/ε| < ε4. Therefore, since
ρ(x, ε, 0) = 0 for all x and (x, t) 7→ ρ(x, ε, t) is jointly continuous, we have, for sufficiently
small ε depending on the fixed function ρ,
|l′(t)− 1| < ε
for every t ∈ [0, R] and hence l satisfies the matching function condition of (ε, αm).
By Lemma 3.4, we know that
d(hty, hl(t)x) 6 ε. (8)
Thus for every t ∈ A(x, y), we have αm(hty) = αm(hl(t)x). Since |A(x, y)| > (1− ε)R,
thus we have x ∈ BR(y, ε, αm) and finish the proof.
7Proof of Claim 4.3: Suppose that there exists x ∈ hq−p(PM(R, ε
5, y))∩PM(R, ε5, y) with
ε3R > |p− q| > 1 and y ∈ Dε. Thus by the Definition 4.1 and denote r = p− q, we have
x = guhvkwy
and
h−rx = gu′hv′kw′y
where |u|, |u′|, |v|, |v′| 6 ε5 and |w|, |w′| 6 ε
5
R
.
Therefore using the first equality to express x in the second equality, we have,
h−rguhvkwy = gu′hv′kw′y
Recall that h−rgu = guh−e−ur thus we have
guhv−e−urkwy = gu′hv′kw′y. (9)
Then acting by k−w′h−v′g−u′ on the both sides of (9), we have
k−w′h−v′gu−u′hv−e−urkwy = y. (10)
We now further acti on both sides of (10) by g−t and pushing it through to y via
conjugation. We select t = log(ε−2r), to get
(g−tk−w′gt)(g−th−v′gt)gu−u′(g−thv−e−urgt)(g−tkwgt)g−ty = g−ty. (11)
By renormalization relation, we have,
k−etw′h−e−tv′gu−u′he−t(v−e−ur)ketwg−ty = g−ty. (12)
Since max{|etw′|, |e−tv′|, |u − u′|, |etw|} 6 ε5 and 2ε > |e−t(v − e−ur)| > 12ε
2 then we
have the left side of (12) is ε2 away from g−ty and thus we get a contradiction.
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